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Abstract

Three-dimensional numerical simulation has been performed for flows over a backward-facing step at low
Reynolds number in order to investigate the effects of the duct aspect ratio. Numerical results were compared with
other investigations and found to agree well with experimental data. Close attention was paid to the distribution
patterns of both Nusselt number and the skin friction coefficient on the bottom wall. It was found that an aspect
ratio of as large as AR = 16 at least was needed to obtain a 2D region near the centerline at Re = 250. This 2D
region became wider for a lower Reynolds number. It was also found that the maximum Nusselt number did not
appear on the centerline but near the two side walls in every case. © 1999 Elsevier Science Ltd. All rights reserved.

Keywords: 3-D simulation; Backward-facing step; Low Reynolds number; Aspect ratio

1. Introduction

Recent requirement for the downsizing of heat
exchanger brought the Reynolds number of the flows
inside the heat exchangers relatively low. When
Reynolds number is low enough, the flows become
laminar. Heat transfer enhancement due to the turbu-
lence cannot be expected under such conditions. In
order to establish a favorable heat exchange at low
Reynolds number, it is necessary to modify the flow
structure appropriately, for instance, with vortex gen-
erators [1,2] or ribs [3,4]. Such flow modification often
includes the flow separation and reattachment.
Consequently, the modified flows tend to have quite
complicated flow structures. In order to improve the
performance of heat exchangers, understanding the
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details of such complicated flow structures is very im-
portant. Therefore, attention has been paid to one of
the flows in such category, namely a separating and
reattaching flow. In particular, as the most typical
problem, backward-facing step flows under laminar
conditions have been investigated both experimentally
[5-8] and numerically [9-13] to obtain the basic infor-
mation of the flow separation and reattachment
phenomena in laminar flow regime.

In most of the experimental investigations, a con-
siderably large aspect ratio of the duct was adopted in
order to assume the two-dimensionality of the flow
around the duct center region. Armaly et al. [7]
adopted the duct aspect ratio of 36 and ensured that
the oncoming flow was two-dimensional (2D). He
measured quite successfully the distributions of the
streamwise velocity for backward-facing step flows in a
wide Reynolds number range, including laminar cases,
using Laser-Doppler anemometer. Nevertheless, it was
reported in his paper that the flow downstream of the
step remained 2D only at Re < 200 and Re > 3000.
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Nomenclature

AR aspect ratio = WD/S

Cy streamwise  skin  friction  coefficient
=21, /pU2

Cp specific heat

G, pressure coefficient = 2AP/pU?2,

Cp.- non-dimensional pressure non-uniformity
=2AP/pU},

ER duct expansion ratio = H/(H — S)

H duct height

h enthalpy

Nu Nusselt number = ¢y S/A(Ty — Tin)

P pressure

q heat flux

Re Reynolds number = p Uy, S/u

S step height

T temperature

Tin inlet temperature

t time

U velocity component in x-direction

=

cross-sectional mean velocity at the inlet
velocity component in y-direction
velocity component in z-direction
duct width

spanwise skin friction coefficient
streamwise coordinate

transverse coordinate

spanwise coordinate

thermal conductivity

fluid viscosity

density

shear stress = w(aU/dy)
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Subscripts

m mean value in a cross-section

max maximum Nusselt number and its position
r reattachment point

w wall surface

In numerical calculation the flows are often assumed
to be 2D, since 2D simulations require less CPU time
and consume less memory compared with 3D simu-
lations. Although 2D simulation is useful to obtain the
basic idea of the flow and thermal fields, it is reported
that the results of the 2D computations sometimes
show larger discrepancy from the experimental results
as Reynolds number is increased, even in its range
where the flow remains laminar [7-11]. This dis-
crepancy is claimed to be a result of 3D flow structures
in experiments. Kaiktsis et al. [11] performed 3D simu-
lations employing periodic boundary condition in the
spanwise direction. However, his numerical results still
show noticeable discrepancy from the experimental
results. One of the possible reason for this discrepancy
is the 3D structure of flow and thermal fields due to
the existence of side walls.

In this study, 3D numerical computation is per-
formed for both flow and thermal fields over a back-
ward-facing step in a rectangular duct in order to
investigate the 3D side wall effects on the flow and
thermal fields.

Flow

~
A o/x ///
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Fig. 1. Computational domain.

2. Computational method

The computational domain is schematically illus-
trated in Fig. 1. The duct is made up of a stepped
wall, a straight wall and two side walls. The origin of
the coordinate system is located at the center of the
bottom line of the backward-facing wall. The compu-
tational domain is set to cover the streamwise positions
of —1<x/S<30, where S is the step height. It was
confirmed that the effects of domain size on final
results were small enough with this arrangement for
the computational domain. The duct expansion ratio,
ER=H/(H-S), is kept constant at two. Unsteady
Navier—Stokes and energy equations are solved nu-
merically together with the continuity equation using
the finite difference method.

P19 (p0) =0 (1)
%(p&) +9(p00) = —vP 4+ uv20 2)
%(ph) +V. (p(%) =V. (éw) (3)

U, V, W, which will be used hereafter instead of (7,
stand for velocity components in x-, y- and z-direction,
respectively. A fifth-order upwind scheme and a
fourth-order central difference scheme are adopted for
the convection and diffusion terms of the governing
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Table 1
Computational conditions

AR Re =125 Re =250 Re =300 Re =375
4 O

8 O

16 O O O @)

24 O

equations, respectively. Properties of the working fluid
(air) are assumed to be constant. This implies that the
fluid is incompressible and the first term in Eq. (1) is
zero. Prandtl number is set at 0.71. The obtained fully
implicit forms of the finite difference equations are
solved numerically making use of a line-by-line method
combined with ADI scheme [14]. At every time in-
crement, a number of iterations are carried out in the
solution procedure of the equations. SIMPLE algor-
ithm [15] is used for the computation of pressure cor-
rection in the iteration procedure.

At the upstream boundary, inlet flow is assumed to
be hydrodynamically steady and fully developed. The

profile of the streamwise velocity U is given by the ap-
proximation [16] which represents a fully developed
laminar flow in a rectangular duct. Other velocity com-
ponents ¥ and W are set to zero at the inlet, while the
fluid is assumed to have a uniform temperature at the
inlet. No-slip condition is applied at all wall surfaces.
The side walls are treated adiabatic, while the other
walls are kept at constant temperature higher than the
inlet fluid temperature. At the downstream boundary,
velocity and temperature profiles are assumed to obey
the boundary layer approximation [17].

A maximum of 160 x 40 x 110 grid points are allo-
cated non-uniformly in the computational domain,
with fine concentration in the near-wall regions where
large gradients of velocity and temperature are
expected. The time increment between two successive
time steps is set so that the Courant number for the
smallest grid spacing is equal to unity.

Calculations are carried out for several cases of
different aspect ratios, AR, i.e., the duct width to the
step height ratio, and of different Reynolds numbers,
Re, based on the step height and the mean velocity at
the inlet. The computational conditions are summar-

1 r L L L 1 L L L
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Fig. 2. Nu and C; distribution along the centerline (Re = 250).
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Fig. 3. The effect of AR on the positions of reattachment
point and peak Nu point (Re = 250).

ized in Table 1. Numerical results are shown in the fol-
lowing sections for both of laminar and transitional
flows in the Reynolds number range of 125< Re <375.
The computed flows were found to remain steady in
all the cases calculated here, except in the case of
Re = 375, in which the flow was found to be period-
ically unsteady. Distribution will be shown of the time
averaged result for the case of Re = 375.

Close attention is paid to the distribution patterns of
both skin friction coefficient and Nusselt number on
the bottom wall.

All calculations were performed on the VP2600 com-
puter at the Kyoto University Data Processing Center.
One iteration requires approximately 0.6 s when the
total number of grid points is about 4 x 10°.

3. Results and discussion

In experimental studies, various characteristic quan-
tities of the fluid flow including Nusselt number, Nu,
and streamwise skin friction coefficient, Cy, in the duct
are often measured along the streamwise centerline of
the bottom wall. A large aspect ratio is often adopted
to ensure the two-dimensionality of flow field. Thus, in
this study, first will be discussed the effects of the
aspect ratio, AR, on the distribution patterns of both
Nu and Cy along the centerline. Fig. 2 shows the Nu
and C; distributions along the centerline in the cases
of AR=4, 8 and 16, compared with the one in the
case of AR =24 (solid line) in which three-dimension-
ality is expected to be minimum among these four
cases. The Reynolds number, Re, is fixed at 250 in
these cases. In Fig. 2(a), the peak value of Nu in each
case is marked with x. Although the case of AR =16
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Fig. 4. The effect of AR on the value of peak Nu (Re = 250).

shows better agreement with the case of 4R = 24 than
the rest of the cases in this figure, it still shows unnegli-
gible deviation in the region of 7<x/S<15. The maxi-
mum difference of 11% between the case of AR =16
and the case of AR =24 is observed in the values of
Nu. It is also found in Fig. 2(a) that the peak Nusselt
number (x), the highest value of Nusselt number
along the centerline of the bottom face, becomes larger
and its location moves upstream, as the aspect ratio is
increased. In Fig. 2(b), the position where the value of
Cr equals to zero around x/S =~ 10 corresponds to the
flow reattachment point in each case. C; distribution
also shows the dependency on the value of AR similar
to the distribution of Nu. The shape of C; distribution
becomes closer to the one for AR=24 as AR
increases. However, maximum difference of 10% is still
observed between the two cases AR = 16 and AR =24
in the value of Cy. This result suggests that a consider-
ably large aspect ratio is actually needed in order to
assume the two-dimensionality of the flow.

The positions of the peak Nu and the flow reattach-
ment are plotted in Fig. 3 together with the result of
2D simulation (AR = 00). The flow reattachment point
is defined as the point at which the skin friction coef-
ficient changes its sign from negative to positive.
Relative location of these two points has frequently
been discussed in turbulent flows, but it has little been
discussed in laminar backward-facing step flow. Fig. 3
reveals that both positions shift upstream as AR
increases and that the peak Nu position always appears
downstream of the reattachment point in 3D simu-
lations. The distance between the peak Nu position
and the reattachment point is relatively smaller for a
larger aspect ratio, although the distance between the
two points still remains finite in the case of AR = 24.
In 2D simulation, on the other hand, these two points
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Fig. 5. Reattachment points.

almost coincide at x/S >~ 9.2 and the distance between
these two points is less than the grid resolution around
this streamwise location. Fig. 4 shows the effect of AR
on the value of peak Nusselt number. It is seen that
the peak Nusselt number increases as AR is increased.
The evolvement of velocity profiles along the duct
centerline, in particular the position of flow reattach-
ment point, obtained from the present calculations
agrees well with the experimental counterpart obtained
by other researchers [7]. Fig. 5 shows the position of
the flow reattachment point plotted against the
Reynolds number. Aspect ratio is set equal to 16, com-
monly, in the present 3D simulations. The position of
the reattachment point for Re = 375 is its time-aver-
aged value, since the flow in that case became period-
ically changing unsteady one. As clearly shown here,
for a Reynolds number range of Re < 200, the present
results as well as all the other numerical results
reported by Ichinose et al. [9], Kim and Moin [10] and
Kaiktsis et al. [11] show good agreement with the ex-
perimental results obtained by Armaly et al. [7]. As
Reynolds number increases, underestimation of the nu-
merically calculated reattachment length gradually
becomes more noticeable, except for the numerical

Table 2
Locations and values of Nup,x (Re = 250)

results of the present 3D computation. Results by
Kaiktsis et al. [11] plotted in Fig. 5 was obtained by
3D simulations by making use of periodical boundary
condition in the spanwise direction, not taking account
of the side wall effects. Neglecting the side wall effects
must be one of the reason for their tendency similar to
the ones of other 2D simulations.

Close attention is paid to the distribution patterns of
both the Nusselt number and the skin friction coef-
ficient at the bottom wall surface. Fig. 6 shows the
Nusselt number distributions at the bottom wall sur-
face for the cases of different aspect ratios at constant
Reynolds number, Re = 250. The gray tone level corre-
sponds to the level of the calculated Nusselt number.
The gap between two neighboring contourlines is 1/20
of the difference between the maximum and minimum
values of the colorbar in all the contour plots in this
paper (e.g., 0.25 in Fig. 6). Fig. 6 reveals that the
aspect ratio has a great influence on the Nusselt num-
ber distribution pattern. An aspect ratio as large as
AR = 16 at least is needed to obtain a 2D area around
the centerline of the bottom wall in the case of
Re = 250. The 2D area mentioned here is defined as
the area where the Nu or C; contour lines lie parallel
to the spanwise direction (z-axis). The 2D area covers
30% of the spanwise width of the bottom wall in the
middle at x/S = 8.0 for the case of 4R = 16, and 50%
for the case of AR = 24. At the positions of x/S > 10,
however, a three-dimensionality is observed to exist
over the whole duct width even for the case of
AR =16, as seen in Fig. 6. It is also found that the
maximum Nusselt number, Nup, appears near the
both side walls, not on the centerline of the bottom
wall, in all the cases studied here. With a change of the
aspect ratio, change occurs in the location where Nup,x
is obtained and its value. The locations and values of
Nunmax calculated in each case are tabulated in Table 2.
It is found that Nuy. shifts upstream and its value
increases as AR increases, while its spanwise location
comes close to approximately one step height apart
from the both side walls.

Distributions of streamwise skin friction coefficient
are shown in Fig. 7, corresponding to ones of Nu
shown in Fig. 6. Shaded area in the figure corresponds
to the area where the skin friction coefficient is positive

AR Xmax/S |Zmax/ WD| Distance from a side wall (WD/2 — |zmi|)/S Nitmax
4 9.5 0.31 0.76 1.9
8 8.9 0.39 0.88 2.7
16 8.1 0.44 0.96 34
24 7.5 0.46 0.96 3.6
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Fig. 6. Nusselt number contours on the bottom wall (Re = 250).

in its sign. Being analogous to the case of the Nusselt
number distributions mentioned above, an aspect ratio
as large as AR = 16 at least is needed to assume the
two-dimensionality for the distribution of skin friction
coefficient in the central region of the duct. The span-
wise width of 2D area is about 30% of the duct width

at x/S = 8.0 for the case of AR = 16, and 50% for the
case of AR =24.

To discuss the three-dimensionality of the flow and
thermal fields in detail, profiles of the flow velocity and
temperature in the y—z cross-sections of the duct are
examined at three streamwise locations for the case of
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(a) AR =24

15

Fig. 7. Ct contours on the bottom wall (Re = 250).

AR =8 at Re =250. Fig. 8 shows the upstream view
of the velocity vectors (¥, W) together with the con-
tours of the streamwise velocity U in three cross-sec-
tions of different streamwise positions. Shaded areas in
the figures correspond to the positive U velocity
regions and white areas to negative U. Fig. 9, on the
other hand, shows the profiles of the temperature con-

tours similar to those for velocity contours shown in
Fig. 8. Thicker tone correspond to the higher tempera-
ture in these figures.

In Fig. 8, it is seen that main flow bends toward the
bottom wall after passing the step. Its manner is not
uniform in spanwise direction. U contours protrude
toward the bottom wall around |z/WD| =~ 0.4. This
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Fig. 8. U/ Ui, contours and V—W vector plots (Re = 250, AR = 8).

certainly matches the distribution pattern of the
streamwise skin friction coefficient. In Fig. 7, upstream
indent is also observed in its zero value contour
around |z/WD| ~ 0.4. This spanwise non-uniformity of
U contours is produced by the downwash flow
observed in the middle height region of the channel at
corresponding spanwise positions. This is ascribed to
the superposition of the secondary flows to the
spanwisely uniform downward flow toward the bottom
wall. The existence of the secondary flows is clearly
confirmed by the upstream view of the velocity vectors
(V, W). In Fig. 8, existence of a counter-clockwise
rotating flow is observed by the appearance of the flow
directed toward the duct center near the bottom wall
on the left-hand side (z/WD > 0) of the figure at
x/S = 6.0, while another longitudinal vortex like flow
rotating clockwisely is observed at around z/WD =
0.42 at x/S = 12.0.

The contours of fluid temperature also protrude
toward the bottom wall at positions around |z/WD| ~
0.4 in Fig. 9(b). This corresponds to the velocity pro-
files shown in Fig. 8(b). Higher spatial density of the
contours observed at such spanwise positions near the
bottom wall leads to larger temperature gradient there,
and, therefore, to larger Nusselt number observed in
Fig. 6.

In order to examine the effect of the secondary flows
on the heat transfer enhancement from the bottom
wall, the value of spanwise skin friction coefficient, Wy
at the bottom wall surface defined below is calculated.

where W is the spanwise velocity component. Fig. 10
shows the distribution of Wy contours on the bottom
wall. Shaded parts correspond to the regions where the
value of Wy is positive in sign while white parts to
negative. Wy changes its sign at the centerline of the
duct, z = 0. This reflects the spanwise symmetry of the
flow with respect to the duct centerline. |Wy| are
observed to take peaks around the positions
(x/S,z/WD) = (6.5,+£0.35) and (11.0, +0.4) in the
cases of AR = 8. The former peaks correspond to the
inward flow produced by the rotating secondary flow
observed in Fig. 8(b). The latter peaks, on the other
hand, correspond to the longitudinal vortex like flow
observed at such spanwise positions in Fig. 8(c).
Boundary between the shaded and white areas extend-
ing from the both side rim of the bottom wall around
x/S = 4 is observed between these two peaks. The pos-
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Fig. 9. Normalized temperature (7 — Tin)/(Tw — Tin)) contours (Re = 250, AR =8).

ition of this boundary in the area of 5 < x/S < 10 co-
incides with the area where relatively larger value of
Nusselt number is observed in Fig. 6. The contour
lines of Wy around this boundary become more closely
located as the aspect ratio is increased. This means the
intensification of the secondary flows, which directly
affects the value of Nuy,, as can be seen in Table 2.
The intersection points of the boundaries between
the shaded and white areas in Fig. 7 and the bound-
aries in Fig. 10 are the stagnation points on the bot-
tom wall where the gradients of both the streamwise
velocity, U, and the spanwise velocity, W, are zero. In
all the cases studied, a pair of stagnation points are
symmetrically obtained with respect to the duct center-
line near the both side walls. This is clearly seen in
Fig. 11 which shows the velocity vectors (U, W)

Table 3
Locations of near side wall stagnation points (Re = 250)

together with the contours of the normalized absolute
value of the local velocity at y/S = 1.25 x 1073 for the
case of AR =38. Fig. 11(b) is a partial enlarged view
over region of 5<x/S<15 and 0<z/WD<0.5 of Fig.
11(a). Thicker tone correspond to the higher velocity
area. Low velocity regions are symmetrically observed
near both side walls. The positions of these near side
wall stagnation points are calculated in each case and
are tabulated in Table 3. Comparison of Tables 2 and
3 reveals that the positions of the stagnation points do
not match the positions of the maximum Nusselt num-
ber points. Num, are obtained downstream of the stag-
nation points.

Fig. 12 shows the influence of the Reynolds number
on the Nusselt number distribution. Aspect ratio is
kept constant at 16. The spanwise width of the region

Table 4
Locations and values of Nup,x (AR = 16)

AR X/S ‘Z/ WDl Re xmax/S Izmax/ WDI Nuax
4 9.2 0.31 125 4.7 0.45 2.1
8 7.9 0.42 250 8.1 0.44 34
16 6.7 0.46 300 9.1 0.44 39
24 6.4 0.48 375 10.8 0.44 4.7
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(a) AR = 24
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x/S

Fig. 10. Wy contours on the bottom wall (Re = 250).

where two-dimensionality of the thermal field is
expected to exist becomes smaller as the Reynolds
number is increased. At x/S = 8.0, for example, the
two-dimensionality is estimated to exist in the middle
50% and 30% of the total spanwise width of the bot-
tom wall, respectively, for the cases of Re =125 and
250. For Re>300, however, the 2D region cannot be

identified from the distributions of Nusselt number.
The locations and the value of the maximum Nusselt
number are summarized in Table 4. As the Reynolds
number is increased, the maximum Nusselt number
becomes larger and its streamwise location shifts
downstream. The spanwise location of Nuy.x, however,
does not move so much. This is ascribed to the charac-
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Fig. 11. U-W vector plots with normalized absolute velocity (+/U 2 + W 2/Uy,) contours (Re = 250, AR =8, y/S = 1.25 x 1073).

teristics of the secondary flows. Its cross-sectional size
does not change but its intensity changes as the
Reynolds number is increased.

Fig. 13 shows the C; distribution for the cases corre-
sponding to those of Fig. 12. Again the spanwise
width of the 2D region becomes smaller as Re is
increased. In all the cases, the near side wall stagnation
points are symmetrically obtained near the positions of
Nuyax similar to the cases when AR is changed at con-
stant Re. The positions of the near side wall stagnation
points are summarized in Table 5. Here again the pos-
itions of the near wall stagnation points do not match
the positions of the maximum Nusselt number points.
Nuyax are obtained downstream of the stagnation pos-
itions.

In order to visualize the 3D flow pattern, the trajec-
tories of fluid particles tracking the flow are sampled

Table 5
Locations of near side wall stagnation points (4R = 16)

Re x/S |z/WD|
125 4.5 0.46
250 6.7 0.46
300 7.4 0.46
375 8.3 0.46

at every constant time interval. Fig. 14 shows a bird’s-
eye upstream view of the results for the case of AR =
16 and Re = 250. The top and both side walls of the
computational domain are not drawn in this figure.
The initial locations of the particles are shown in
Table 6. The particles No. 1 and 5, starting from the
vicinity of a side wall, are found to recirculate spirally
in the recirculating zone behind the step and to move
toward the center of the duct, and finally to flow out
toward further downstream. The streamwise stroke of
the particle extends downstream as the particle
approaches the centerline. Therefore, time period for
one stroke of particle recirculation becomes longer.
This numerical result agrees well with the experimental
results obtained by Goldstein et al. [5]. The trajectory
patterns and the number of the spiral recirculation
strongly depend on the initial location of the particles.

Table 6
Starting locations of the particles

No. 1 2 3 4 5

x/S 0.0 0.0 0.0 0.0 0.0
/S 1.04 1.30 1.04 1.04 1.04
z/WD 0.47 0.30 0.00 —0.40 —0.48
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(2) Re =125

Fig. 12. Nusselt number contours on the bottom wall (AR = 16).

This method of presentation of the results was proven
effective to visually examine the three-dimensionality
of the flow.

In relation with the above mentioned interesting
spiral motion of the particles, pressure distributions
are calculated in the vicinity of the bottom wall. Fig.

15 shows the pressure coefficients along the centerline
of the bottom wall in the case of AR=16 and
Re = 250. The reference pressure is its value at a pos-
ition near the origin of the coordinate system.
Spanwise non-uniformity of pressure is also examined
introducing the non-dimensional pressure non-uni-
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(a) Re=125

15 (c) Re =300

Fig. 13. C¢ contours on the bottom wall (4R = 16).

formity, C,. which is calculated using the centerline
pressure at respective streamwise position as its refer-
ence value. The results are shown in Fig. 16. Shaded
areas indicate that the value of C, . is positive in sign.
Cp- is zero along the boundary between the shaded
area and the neighboring white area, and also along

the centerline. Spanwise pressure gradient is noticeable
near the side wall, although less profound in the
middle 40% region of the duct width. The spiral fluid
motion in the recirculating flow region was found to
approach toward the center of the duct. This is caused
by this spanwise pressure non-uniformity decreasing
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Fig. 14. Behavior of fluid particles (Re = 250, AR = 16).
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Fig. 15. C, distribution along the centerline (Re = 250, AR = 16).

toward the centerline. The maxima of C,. are sym-
metrically located near the both side walls at approxi-
mately x/S = 6.7 and |z/WD| = 0.45.

4. Conclusions

Three-dimensional numerical simulation has been
performed for the laminar flows over a backward-
facing step in a rectangular duct. The results obtained
in the present study are summarized as follows:

1. Flow reattachment points calculated in the present

study agree well with the existing experimental
results.

. An aspect ratio of as large as AR = 16 at least is

needed to secure 2D region in the central part of
the duct at a Reynolds number of Re = 250. In the
case of constant aspect ratio, AR = 16, the area of
the 2D region becomes larger, as Re number is
decreased.

. The maximum Nusselt number on the bottom wall

is obtained at two positions near the side walls
located symmetrically with respect to the duct
centerline, and not on the centerline in all the cases
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Fig. 16. C,,; contour on the bottom wall (Re = 250, AR = 16).
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studied here. It is also found that the maximum
Nusselt number increases with an increase of the
aspect ratio and Reynolds number.

4. The particles starting from the vicinity of a side wall
are found to recirculate spirally in the recirculating
zone behind the step. This spiral fluid motion in the
recirculating flow region approaches toward the
center of the duct because of the spanwise pressure
non-uniformity decreasing toward the centerline.
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